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Abstract A key aim of most extreme value analyses is thestructural design. Models from classical extreme value the
estimation of the-yearreturn leve] the wind speed, or sea- ory, such as the generalised extreme value (GEV) or gen-
surge, or rainfall level (for example), we might expect te se eralised Pareto (GP) distributions (for block maxima or ex-
once (on average) everyears. There are compelling argu- cesses over a high threshold respectively), give us lignitin
ments for working within the Bayesian setting here, notleasmodels for the tail behaviour of such variables and provide
the natural extension to prediction via the posterior predi a general template for modelling and extrapolation. The aim
tive distribution. Indeed, for practitioners tpesterior pre-  of most practical applications is the estimation of the ¢ven
dictive return levehas been cited as perhaps the most usefulve might expect to see, on average, once evemyars: the
point summary from a Bayesian analysis of extremes, ando-calledr-year return level commonly notated ag (with

yet little is known of the properties of this statistic. Irigh estimatez). Over the last three decades or so, pragmatic
paper, we attempt to assess the performance of predictive reolutions to circumvent departures from the ideal of inde-
turn levels relative to theiestimativecounterparts obtained pendent and identically distributed observations on exé®
directly from the return level posterior distribution; imp  have been developed; see, for example, the seminal paper by
ticular, we make comparisons with the return level posteDavison and Smith (199050me of the most commonly-
rior mean, mode and 95% credible upper bound. Discrepanised solutions result in sample size reduction; for exam-
cies between the predictive return level, and standard sunple, the use of filtering schemes to avoid issues of serial
maries from the return level posterior distribution, forea s correlation (e.g. peaks over thresholds, or POT), or using
ries of wind speed extremes in the U.K. motivates this workonly those extremes from within a particular calendar unit
A large scale simulation study then reveals the superiorityo avoid problems associated with seasonal variabilitghSu
of the predictive return level over the other posterior sum-areduction can result in extremely wide confidence intsrval
maries in many cases of practical interest. for z — sometimes giving confidence bounds which are im-
plausible, at a practical level, for the variable being &dd
The aim of some recent work, then, has been to investigate
the use of methods which maximise the number of extremes
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speeds pressed into use; see, for examtastoe and Tawn (2012)
andFawcett and Walshaw (2012, 201®&)e latter illustrat-
ing methods which can substantially reduce return level es-
1 Introduction timation uncertainty relative to methods such as POT.

Estimating extremes of environmental phenomena such adore recently, much focus has been given to the extension,
wind speed, sea-surge and rainfall plays an importantnole iand practical application, of the theory of multivariate ex
tremes, often motivated by the need to account for spatial de
L. Fawcett . o o pendence between extrem&avisonet al. (2012) provide
f;gﬂy?\fe'\f\laéqe%%"ca'i'Stat'St'cs' Newcastle University, Nestiea 5 o mprehensive coverage of the development of models for
Tel.: +44-191-2087228 extremes occurring spatially, including max-stable msdel

E-mail: lee.fawcett@ncl.ac.uk again, the aim is for the estimation of return levels, albeit
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on maps over a spatial grid. The increasing sophisticatioihis paper is organised as follows. In Section 2 we give

of models to address issues such as serial correlation, seseme practical motivation for this work, including some re-

sonal variability and trend, coupled with an increase in di-sults from an analysis of wind speed extremes at a loca-

mensionality required of an analysis which is — for exampléion in the southwest of the UK. This Section will include

— spatial in flavour, often makes inference within a maxi-a primer in extreme value techniques and associated mod-

mum likelihood setting difficult (if not altogether infe&d2)  eling procedures for readers who might be unfamiliar with

and thus researchers might appeal to simulation-based prtiis area, with a particular focus on recently-proposedmet

cedures within the Bayesian paradigm to make inferencesds for handling temporal dependence; the use of Bayesian

on model parameters. methods for extremes will be discussed by illustration. In
Section 3 we discuss the aims and design of our simulation

Of course, the Bayesian paradigm does not just provide study for investigating the performance of the predictiee r

more convenient and accessible inferential frameworksd@ a turn level, followed by a detailed discussion of our findings

allows the incorporation of external sources of informatio from this study. We conclude with somgeneral comments

through the prior distribution, an obvious element of ap-and recommendationsin Section 4.

peal for any analyst of extremes working with scarce data.

Also appealing is the natural extension within the Bayesian

framework to prediction; afawcett and Walshaw (2016) 2 Practical motivation and modeling

discuss, an estimate of tleyear posterior predictive re- ) _ ) _ _
turn level 2., provides practitioners with a single point In this Section, we introduce the wind speed data we will re-

summary capturing both uncertainty in parameter estimatiofer to throughout the paper. We then give a brief overview of
andrandomness in future observations. Given the virtues df€ basic methods for modelling extremes on such a process,
a Bayesian analysis of extremes, it is then surprising thdficluding some general background on Bayesian sampling
more publications in the field do not work within this frame- @nd Specific details relating to the posterior predictivamre
work. Certainly, it is our experience that few practitiomer '€vel- Some results are then presented comparing estenativ
will choose to perform analyses within a Bayesian setting. return levels (i.e. means and credible intervals from the po
terior distributions forz) to their predictive counterparts for
Coles and Powell (199@yovided a solid review of Bayesian OUr wind speed series.
inference for extremes up to that date; since ti@aies and
Tawn (1996)and Smith and Walshaw (2003)ave investi-
gated the merits of expertly-elicited priors wher&amsrlant 2.1 Data
et al. (2004) and Eugenia Castellanos and Cabras (2007)_. .
have considered objective priors for the GEV and GP mod)-FIgure L shows boxplots, and a plot of each observation

. : . “against its lag 1 counterpart, for a series of hourly gustiwin
els, and various authors have used the Bayesian paradigm tg 9 P y9

. . : . N speed maxima observed atlocation in southwest Eng-
exploit meteorological structure in their data via hietiaah . .
land between such-and-such a date etc (inclusiveThe
models for extremes — for exampleawcett and Walshaw o )
. boxplots reveal clear seasonal variability in the wind spee
(2006) Sang and Gelfand (2009, 2018nhd Davisonet al. . .
. A extremes when using the calendar month as a seasonal unit,
(2012) Smith (1999)compares predictive inference under . S ) L
. . . and there is also significant first-order autocorrelatioi¢v
the Bayesian and frequentist paradigms @otes and Tawn . . . .
. . i - eperS|sts above monthly-varying thresholds which we might
(1996)give some informal comparisons between predictiv : . i
) . .use to classify observations as extreme). Estimates of
return levels and estimates based solely on the postesgor di

- red Dased on fitting an appropriate model to the wind speed
tribution for z. Fawcett and Walshaw (2006; 2006a; 2008; P . g an approp . P
o xtremes might be used to inform the design of a new struc-
2016)demonstrate predictive inference for return levels o o .
. .~~~ Tture. For example, the British Standards Institute (BS8 us
wind speed and sea-surge extremes, recommengings

. . estimates of the 50-year wind speed, from fits to wind speed
the most convenient, and useful, representation of a return

I extremes such as those shown in Figure 1, to produce con-
level for practitioners. However (as far as we are aware) no . : .
. . . .7 Tour maps displaying the strength requirements for nevestru
published work supports this through a formal investigatio

. - . tures. Similarly, the Office for Nuclear Regulation (ONR)
into the performace of the predictive return level. The main U

L ) : ~ recommends that structures at nuclear sites in the UK are
contribution of this paper, then, is to explore the prosrti

5 . . built to protect against the 10,000-year return level assoc
of ... In particular, we focus on a comparison of the ex- . . . .
: - - . 1 ated with variables to which these structures might be vul-
ceedance probabilities &f ., to their intended values™,

- . . herable. We argue that a Bayesian approach to return level

and the general performance »f,.; relative to other esti- . ; s .
. : . g . ._inference can improve the estimation procedure, with the
mative summaries obtained directly from the posterior dis- . L . .
tribution forz potential to reduce estimation uncertainty (through the in

corporation of prior knowledge) and, in practical termg th
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Figure 1 about here

Fig. 1 Boxplots (by month, left) and each observation plotted agaisshg 1 counterpart (right) for a series of hourly gust windezbmaxima
observed atocation betweensuch-and-such a datginclusive). The blue lines in the first plot correspond to higresholds which have been
chosen to identify observations as extreme. Units are metresepend.

ability to provide practitioners with a single point summar Pickands (19753howed that for large enougithe distribu-
having all uncertainty due to parameter estimaiodran-  tion of (X — u), conditional onX > u, is approximately GP
domness in future observations ‘built in’, through the pre-with distribution function

dictive return level. 1—(1+Ey/0)’l/5 E£0
= {1exp[y/o] £, ©

defined only : y > 0 and(1+ ¢y/o) > 0}, whereo = ¢ +
&(u—u) and& are the GP scale and shape parameters (re-
spectively). The GP distribution, being the limiting dibtr-

Let {X,} denote a stationary sequence of random variableon for excesses over a high threshaldorovides a natural

with common distribution functiofR, and letMp = max{X,}. way c&f(;n?dzl.lmg ext:jemesss oft.t|m2 ier':istlflgh as (;)ur qu
Itis typically the case that, as—s e, speed data discussed in Section 2.1. Modelling extremes in

this way can be less wasteful than a block maxima approach
Pr(Mn < x) ~ F"(x), (1)  using the GEV, since more extremes are usually pressed into
use. Thus, in this paper we will focus on the use of the GP
distribution as a model for excesses over a high threshold
erra?lther than the (often) more wasteful approach of using the
GEV for block maxima.

2.2 Statistical modelling

2.2.1 The basics

wheref € (0,1) is known as thextremal indexe.g.Lead-
better and Room (1988) As 6 — 0 there is increasing de-
pendence in the extremes of the process; for an independ
processf = 1. In practiceF is unknown, and very small
discrepancies in estimatesfibtained from observed data
can lead to rather substantial discrepanciesfotand thus  2.2.2 Practicalities

F9). Initially concerned with the independent case @.e=

1), classical extreme value theory sought families of fimgit ~ Using the GP distribution to model threshold excesses, the
models for=" for largen. This leads to the GEV distribution linearity of E[X — u[X > u] in u can be exploited in anean

(e.g.Jenkinson, 1955 with distribution function residual life plot(MRL plot; seeColes, 2001, Ch. }to help
s find a suitably high threshold for the classification of ex-
9(y) = { exp[— (1+&(y—m)/¢) } , €#0 (2) tremes. To maximise estimation precisigacett and Wal-
exp[—exp(—(y—H)/¢)] £=0, shaw (2016)puggest making use all excesses ovar, de-

spite the obvious serial correlation often present (as sggo
to a standard POT analysis which fits to a filtered set of in-
dependent excesses). Specifically, they propose fittirigy(3)
gdopting one of the following strategies:

defined on{y: 1+ &(y— u)/¢ > 0}, where—co < i < oo,

¢ >0 and—o < & < « are location, scale and shape pa-
rameters (respectively). The GEV can be used to model
set of block maximgM; } with block lengthr; the calendar
year is often used for, giving rise to an analysis @nnual (i) Parametric modeling of dependence

maxima As in Smith et al. (1997andFawcett and Walshaw (20Q6)
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where appropriate assume a first-order Markov structure We note here that, within our description of models for

for the temporal evolution of extremes owerthat is, asymptotic dependence, formal tests and / or compar-

assume the following likelihood fap: isons are available for selecting the most suitable model
n-1 n-1 for first-order dependence; see, for exam@leles (2001,

L(y) = l_l f(xi,xi+1;1,b)/ |1 f(xi;%), 4 Ch. 8) We also note that in both the asymptotic depen-
= i= dent / independent cases it is straightforward to inves-

wheret is a parameter vector containing marginal and  tigate the merits of a higher-order dependence (e.g. the

dependence parameter(s). Appealing to bivariate extreme trivariate extension to the logistic model, or AR(2)

value theory, transformation from GP to standaredhet process, to model dependence between consecutive triples)

margins gives a range of models to use for the serial cor- although there are obvious restrictions in the case of asymp

relation between consecutive extremes, the most commonlyetic dependence given the fixed number of dependence

used being the logistic family with dependence parame- parameters in the logistic / bilogistic models (1 / 2 re-

ter a and distribution function: spectively). We also note the availability of graphical di-

G(X,Xis1) = exp{— (xi’l/“ JrXi;ll/w) “} . (5) agnsotic's to assess the assumption of asymptotic depen-
dence / independence (eyy/x plots; seeColes, 2001,

Here, independence and complete dependence are at- ch. g,

tained whena = 1 anda — 0 respectively. Differen-
tiation of (5), with careful censoring when either one

or both of (x;,Xi+1) lies sub-threshold, gives pairwise (jj) Direct estimation of the extremal index

contributions to the numerator in (4); univariate contri-  |njtjally ignore dependence and proceed by fitting the
butions to the denominator are given through (3). The  Gp distribution to all excesses oueto approximate="
polynomial relationship: in (1). Then estimate the extremal index directly, without
6 ~ 0.013—0.0920r + 1.8330% — 0.756a>, (6) first considering a parameteric model for the dependence

structure (as in approach (i)), to adjust for extremal de-
pendence and hence complete the right-hand-side in (1).
Fawcett and Walshaw (201@&ake various recommen-
dations for the extremal index estimator that should be

vide the fitted distribution for the right-hand-side of (1), oo Un9e (N approach, Bula 22“(';"8'8%?;”:% shows
using (3) as a model fd¥". Within this class of models : 9 v y

for asymptotic dependencether models can be used g—minl1 Z{ZiK:*ll('l'i —a)}z
— for example, the bilogistic model, which allows for =mnt L KTt T |
: (K= 3z (Ti=b)(Ti—c)
asymmetry in the dependence structure betwger ;1)
through the inclusion of an additional dependence pa- . ; ) :
rameter (0 < a,B < 1); seeColes (2001, Ch. 8jor cessesd = b = c = 0 if the largest inter-arrival time
more details. Indeedsawcett and Walshaw (2018)g- IS no greater than 2 ami: b=1andc= 2 if the
gest polynomial expressions for the extremal index based 'ar9€st inter-arrival time is greater than 2), strikes acjoo

on the fitted values of the dependence parameters here, Palance between optimising accuracy and preciaruh
t0o providing the practitioner with an estimator which is easy

to use.

as constructed ifFawcett and Walshaw (2012nddis-
cussed in detall in the Appendix can then be used —
after estimation ofy = (0,&,a)" (through maximum
likelihood or Bayesian inference, for example) — to pro-

(@)

whereT; are the inter-arrival times between threshold ex-

Of course it might be that, for the dependence strucin the presence of seasonal variability (as shown in Fig-
ture,asymptotic independentemore appropriate; here, ure 1 for our wind speed extremeggwcett and Walshaw

a standard time series model such as a Gaugd®ih)  (2016)recommend a seasonal piecewise approach to mod-
process can be used in place of the models we hawelling, with a unique GP model for extremes within each
outlined for consecutive variables which are asymptotseason. For example, assuming either (i) or (ii) above te cap
ically dependent. In this cas8,= 1, althoughAncona- ture temporal dependence, estimates @f, &m, Om), m =
Navarrete and Tawn (200@erive penultimate approx- 1,... might be obtained for each seasonthe analysis per-
imations for8(up), a threshold-dependent extremal in- haps being simplified by assuming a common shape parame-
dex with thresholdi, set at thep-% quantile; for exam-  teré& or extremal indexd across all seasons (where appropri-
ple, for anAR(1) processf(Upgs) = 0.711 andB(Uggg) = ate). Anecdotal evidence in, for exampWalshaw (1994)
0.855. As with the approximation in (6), in tWependix ~ andFawcett and Walshaw (2008)dicates there are no real
we also construct approximations ®fu,) foranAR(1)  gains to be made, in terms of return level inference, by al-
process with dependence parameter (and hence lag 1 dowing the GP parameters to vary smoothly through time
tocorrelation)A, and thresholdip. (e.g. by assuming Fourier forms for the parameters).
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Though not a feature of our data in Figure 1, long termas they / x plots as discussed @oles (2001, Ch. 8mply
trends in extremes can be modelled by imposing a time deasymptotic dependence; comparisons between the bivariate
pendence on the GP scale parametergie.exp{fo+fit}, logistic model and other models, and model-orders, did not
t=1,2,... wheret is an indicator of time. More generally, a improve over a fit of the former to consecutive pairs of ex-
dependence on covariates can be induced by writing the p&remes). Thus, we adopt approach (i) as outlined in Section
rameters in the formh( X T 3), whereh is a specified func-  2.2.2 for handling serial correlation. Given the seasoasit v
tion, 3 is a vector of parameters arXl is a model vector. ability observed in the wind speed extremes, we adopt a sea-

sonal piecewise approach to modelling as discussed in Sec-
2.2.3 Return levels tion 2.2.2. Specifically, following discussions about thi€ U

wind climate inWalshaw (1994)we use a seasonal unit of
Inversion of the right-hand-side of (1), assuming a GP modebne month, assuming stationarity of wind speed extremes
for threshold excesses, gives the following expressiothfor  within each month. As3Valshaw (1994)argues, for wind

r-year return level: speed extremes in the UK such an approach can provide a
Y N suitable means to capture this variation, the assumption of
P {UJFUE {()‘u wr) - 1} ¢#0 (8) stationaritywithin months usually being reasonable. Here,
u—olog (A;tw) & =0, MRL plots have been used for the selection of monthly-

wherew; = 1— [1—(rny)~?] Y6 . is the rate of thresh- varying thresholds.

old excess andy is the (average) number of observationsFoHOWing the recommendations Fawcett and Walshaw
per year. Under apprqach (i) for dependence, as gutline_d i&016) we adopt a fully Bayesian approach to inference,
Section 2.2.2(0, &, 0) in Eq. (8) can be replaced with their ing Markov chain Monte Carlo (MCMC) techniques to
maximum likelihood estimates / Bayesian estimates t0 0bgy4y approximate samples from the marginal posteriors for
j[aln estimates of,, with an assessment of'uncertalnty be- Gims Em, Bm), M= 1,...,12, and hence through Equation
ing made through standard errors / posterior standard devig) 'petajls on MCMC techniques are now extensively pub-
at|ons and (proflle-hkellho_od) confidence intervals / ¢red |igheq (e.gSmith and Roberts, 199350 we omit such de-
ble intervals, respectively, in the usual way. Under apginoa. (4 here: suffice to say, all inferences are performed using

(i), (0,¢) can be replaced with their maximum likelihood ; \etropolis-Hastings procedure and interested readers ca

or Bayesian estimates artreplaced with an estimate ob- o hrqqyce the results shown in this Section by downloading
tained via Eq. (7), with a bootstrap procedure as proposed i§;r r code. and the wind speed data, at:
Fawcett and Walshaw (2012habling the incorporation of ' '

uncertainty in estimates & into estimates of; . www.mas.ncl.ac.uk/~nlf8/predict

To recombine seasonally-varying parameters when estima®-3.1 Prior specification
ing return levels, assuming independence between seasons

we can solve the following fax = z: Generally, we work with a re-parameterised GP scale pa-
iy rameter:
H(x)™mon =111, (9)
r'rl;ll n =log(o —é&u).

whereHr, is the GP distribution function in seasemwith  Tpis re-parameterisation gives a scale which is threshold-
parameter &y, Om, ém), 6/ Nm are the extremal index /  ingependent (unliker); working with the natural logarithm
number of observations in seasonandM is the number of  etqins the positivity of this parameter in our MCMC sam-
seasonal units over which we partition our data. Of COUrs&y|ing scheme. Based on workfawcett and Walshaw (201,6)
as discussed earlier, inference can be simplifed if we assunjye adopt an informative prior specification for the paramete
a constant shape or dependence across all seasons. VECtOr (Nm, &m, am) T based on observations on wind speed
extremes made at a nearby location. Specifically, we use:

2.3 Bayesian inference for wind speed extremes (Nm, &m) ~ Noa(pe, ) and oy, ~ Beta10,19),

After performing investigations into the dependence strucm=1,...,12. The components of the mean vectorare

ture of our wind speed extremes, such as those describetiosen to closely match our beliefs about what are the most
in Fawcett and Walshaw (2006apd summarised in the  likely values of(nm, ém) based on our study of wind speeds
Appendix, we conclude that a first-order Markov structure, at the nearby location; we specify values ot(nm, &m) ac-
assuming asymptotic dependence according to the logistimording to our beliefs about the covariances between these
model (Eqg. 5), is appropriate (specifically, diagnostiashsu parameters at the nearby location, scaled (albeit rathdety)
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to reflect our uncertainties about differences between hiypnt 2.3.4 Some results

wind speeds at the two locations. We choose our priors for

om for similar reasons and, as is often the case, we assundé@ble 1 shows some estimative return levels for the wind
independence between the marginal and dependence paraspeed extremes; that is, some point summaries from the pos-
eters. Of course, given the re-parameterisation to a tlésh terior distributions forz, for r = 10, 50, 200, 1000 and
independent scale parameter, more objective priors — pet0000. Also shown are summaries of the spread of these
haps independent Normal priors with large variances for thgosteriors, including the posterior standard deviatioms a
marginal components andi(0, 1) priors for the dependence 95% credible intervals. Accompanying these estimative re-
parameters — could be used in the absence of any such exté#n level summaries are their predictive counterparfs.”

nal information. Figure 2 shows plots of both andz .., over a range of val-
ues forr (on the usual logarithmic scale for these plots to
2.3.2 MCMC sampling magnify results for long-range return periods; fuesterior

o o means and modesare shown forz, along with the 95%
We set initial values for all parameters to their prior meanscredible intervals). It is clear from both Table 1 and Figre
updating using a simple Metropolis step to give successivehat designing a structure to withstand the extremes of wind
draws speed as suggested by the estimative return levels could re-
(ndl el allly, j=1,... 105 sult in susbtantial under-protection, relative to the ptae

o . estimateseven if the upper end-point of the 95% credi-
Within each Metropolis step we use a random walk updat@q interval was used for longer-range return periods —

f[o gene.rate car]didatg values for ez_ach of the pgr.ameters, “Wopefully, but perhaps only in the case of column 8!
ing the innovation variances to optimse the efficiency of our

sampler. Con_vgargence is assessed by starting each chaingt qiscussed irfawcett and Walshaw (2016the predic-
multiple new initial values and observing the trace plots. 4o return level estimate might be preferred since it pro-

] ) ] . vides the practitioner with a single point summary which
Equation (6) is used to obtain a sample from the posteriog,.qnsyates both (i) uncertainty in parameter estimation
for the extremal indexm, after which a posterior sample 54 (i) randomness in future observations. However, open
for z is obtained on substitution of successive draws for th%uestions remain about the quantity.,. For example, how
GP parameters and the extremal index into (9). do exceedance probabilitieszf,., compare to the intended
valuesr—! (on an annual scale)? How do these probabili-
ties compare to those under an estimative approach for

As discussed earlier, one of the advantages of a Bayesia%'ven results in, for exampldoles and Tawn (1996)nd

analysis of extremes is the natural extension to predictior'1: awce;t and WatI)sh;}/_v_ (ZOlab/e_dmlgE'T el)(peczvpfedg to give
via the posterior predictive distribution.Yfdenotes a future exceedance probabilities considerably lower orsome

extreme of our wind speed series, then we can write return periods, but is this really the case, and if so, can
’ these discrepancies be quantified and could they result in

Pr{Y <yla} = /I, Pr{Y <yl|y} n(y|z)dy (10)  substantiabver-protection? At the very least, practitioners
for thepredictivé distributiorof our extremes, where rep- should be_aware of these discrepancies, should they choose
resents past observationg, is a generic parameter vector © WOrk with z,., (and we recommend that they do). Are
andmi(v|z) is the posterior density fap. Solving there any advantages of using., as opposed to using some
PrY <z, .|z} = 1— -1 (11) other point sgmmary from the post_erlor fpr, such as the

— Thered upper end-point of the 95% credible interval or perhaps some

for z,., therefore gives an estimate of thgear return level  oiher quantile? We aim to answer these questions, and more,
that incorporates uncertainty due to parameter estimatiog, the simulation study in the next Section.

andrandomness in future observations. Although (10) is an-
alytically intractable, it can be approximated since weehav
estimated the posterior distribution using MCMC. Regard-3 Simulation study

2.3.3 Prediction

ing our sampleyy® ... (S as realisations from the sta-
tionary distributionrt(«)|x), we have Given the results discussed in Section 2.3.4, we believe the
18 _ is a need to investigate the propertiesgf,, relative to es-
Pr{Y <z ,.lx} = S ZIPr{Y < Zr,p,edlwm} , (12) timative return levels obtained as point summaries from the
J:

posterior distribution fog; . In particular, of interest to prac-
which we can set equal to-1r ! and solve foiz preq USING  titioners might be the actual return probabilities assecia
a numerical solver. In our analysis of wind speed extremeswith z ,., and other estimative return levels, and how these
we havey = (Nm, &m, Bm) ', m=1,...,12. compare ta L.



Investigating the properties of Bayesian posterior preddatgturn levels for environmental extremes 7

Figure 2 about here

Fig. 2 Means blue solig and modeskue dasheptaken from the MCMC samples of the posterior distributions éoam levels; across a range
of return periods, with 95% credible intervals (outer light blue shaded area). Also shawrgd, are corresponding estimates of the predictive
return levels 4. Units are metres per second.

Return periodr)
10 | 50 | 200 | 1000 | 10000

Post. mean
2 Post. mode
95% ClI

Zf,pred

Table 1 Posterior means, modes and 95% credible intervals for retuetsigy with estimates of the corresponding predictive return lexgls.
Units are metres per second.

3.1 Study design

Now, at each replicatiofin our simulation study,=1,... L,

we simulate a stationary serig&) of lengthn years, with
The. first stage pf our simulation stqdy requires the :sim-ny observations per yean perhaps being typical of what
ulation of a stationary reference seny@eﬁlof lengthN  \ye might usually work with in terms of environmental ex-
years withNy observations per year, whekeis very large.  yremes. As with the reference dataset, we assume a first-
We assume a first-order Markov structure, and we conside§rger Markov structure according to models for asymptotic
a range of models for the dependence between neighbougnendence and asymptotic independence, with the same
ing extremes iry®*). Specifically, under the assumption gp marginal structure as before. For each sgffésve per-
of asymptotic dependence we use the logistic and bilogissyrm a full MCMC procedure, using objective (and, where

tic quels as di_scussed in Sectio_n 2.2.2_, covering a rangg ailable, conjugate) priors. For example, for &R(1) pro-
of serial correlations through specific choicesdoft (a,3).  ass with lag 1 autocorrelatioh we have thay(f)“.l,r -
To account for scenarios in which asymptotic independench(u = 0,7 = (1— A%)~1). We thus assume the conjugate

might be a more plausible assumption, we also obyéif
from an AR(1) process with lag 1 autocorrelatidg again 1
covering a range of serial correlations through specificag® |7 ~ N <o7 > and 1~ Ga(g,h),
for A. Marginally, our reference series are GP-distributed ¢t

prior specification

with scale and shapgo, &) giving scale and shapg* =  Yielding

o+ &u,&* = &) for excesses over some thresholdsee ny 1
ity ~N

Coles (2001, Ch. 4) ’ c+ nny’ (c+ nny)'[
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and Marginally, we holdo unit constant but consider a range
nn, cnn/)? nn,sz of tail behaviours through the GP shape param&tevhere
Ty ~ Ga<g+ - h+ 2t nm) +— ) : &§={-04,-0.1,0,0.1,0.3}, yieldingo* = Eu+1 andé * =

&, where we uses = {ugg,Uggs, Up.oo}. We performL =
wherey ands? are the mean and variance (respectively) ofL000 replications, within which we simulate chaiyié of

the simulated serieg”), c= 101 andg=h=10"3. This  lengthn =50 years witimy = Ny, in keeping with the length
enables posterior inferences to be made on the autoregre¥-our wind speed series in Section 2.1; for each chain, we
sive parameteA and hence the extremal indékvia the  perform MCMC withS= 10,000 iterations after an appro-
polynomial approximation constructed in thependix. An  priate burn-in discard. For each combination(of, *, )
example in the case of asymptotic dependence is where wagross all dependence models considered, we perform rel-
use the logistic model with dependence parametens-  atively small MCMC pilot runs in a bid to select suitable
suming the prio ~ U (0,1), we then perform Metropolis- values for the MCMC tuning parameters before running the
Hastings sampling, as outlined in Section 2.3.2, to obtairull simulation study, aiming for acceptance rates of betwe
draws from the posterior fo using the likelihood in Eq. 20-30%.

(4), and hence for the extremal indéxvia Eg. (6). In the

case of asymptotic dependence / independence we then trans-

form the margins from standard &het / Normal, respec- 3.3 Results

tively, to GP with scale and shaje, &), before performin . . - . .
Vel wrn s shage, ¢ ) P "J I this Section we present the findings of our simulation

a full MCMC procedure on excesses over a range of thresh- : . L
oldsu study, focusing on comparisons between the predictive re-

turn level and the other summaries obtained directly from
the posterior distribution for,. Specifically, we give atten-
tion to the return level exceedance probabilities assediat
with the different Bayesian estimators fpr and we look at

how these compare to the intended valtes We consider

the cases of asymptotic dependence and independence, but
also the effects of model mis-specification on return lewvel i
ferece when asymptotic dependence / independence is incor-
rectly assumed. For information, we also investigate the pe
formance of the predictive return level under our approach,
which uses information aall threshold excesses, to that ob-
tained under the commonly-used POT approach to analysis.

The procedures outlined above yiddterations after burn-
in to obtain approximate samples) and¢*(), ¢ =1,... L,

of length S from the posterior distributions of the GP scale
and shaper* and&*, as well as approximate samples from
the posteriors of the dependence parametersx(ioz A) and
hence sampleg(®) from the posterior of the extremal index;
see Section 2.2.2. At each replicatigrvia Eq. (8) we also

obtain posterior samples,(é) from ther-year return levels
for a range of return periods from these draws we can

@)

obtain the posterior meazﬁ@T the posterior moderé' and

the posterior 95% confidence interval upper bozﬁﬁgﬂ; we

also obtain the predictive return Ie\z-ﬁﬁed via Eq. (12), es- 3.3.1 Asymptotic dependence
sentially giving sampling distributions of lengthfor each
of these return level summaries. Definipgo be the pro- One arm of the study: Logistic dependence structure with

portion of annual maxima ig(Re) exceeding each at”;, & =-0.4and u=upgs

-(0) (0) (0 i ; et ,
7, Zt iope ANAZ ., gives sampling distributions fae; , ps,, . . o
Px.,... andp,_ ., respectively. Other than the sampling dis- Figure 3 shows sampling distribution means, and 95% con-

, . . o 0
tributions for each of the return level summaries themsglve fidence intervals (taken as the sampling distribution 2.5%

of particular interest might be comparisons between each c?fnd 97,'5% quantiles), fopz, Pz, Pz, and Pz, (for
the proportionsp, and the intended exceedance probabili—Some flxed values.of); Table 2 (top 'half) reports some
tiesr—1 (the * subscript used here to denote generically an)pumerlcal gummarles. For thege particular results thg sim-
one of our estimators far-1). ulategl chalns dl_sp_lay asymptotic dependenc_e a_ccordlng to
the bivariate logistic model for consecutive pairs in the-pr
cess; marginallyf = —0.4 andu = uggs. The superiority
3.2 Parameters in our study of the predictive return level over the most commonly-used
posterior summary — the posterior mean — is obvious, espe-
In our study, we us&l = 10° andNy = 36525x 24, inline  cially for longer return periods. For example, Figure 2 show
with having hourly measurements on our variable. We us¢hat the predictive return level yields exceedance prdbabi
a ={03,...,0.9} for the logistic model; for the bilogistic tiesp, ., which are increasingly more accurate and precise
model we fixa at 05 and use3 = {0.3,...,0.9}; for the  (i.e. narrower sampling distribution confidence intenzaaig
AR(1) process we usa= {0.2,...,0.8}. smaller values of the mean squred error (MSE)) as the return
periodr increases, especially as the extremal dependence in
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posterior

posterior 95% cragdit®e bound) and (ii) the posterior predictive return levetl]. Here, the
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Fig. 4 Sampling distribution means (dots) and 95% confidence inte(gal®pling distribution 2.5% and 97.5% quantiles, lines) for estma

of the return level exceedance probabilities, using (i) direct summaries from the return level posterior digtion plue; solid

mean, dashed
simulated data are constructed with asymptotic independenoediitg to anAR(1) process with lag 1 autocorrelatién The horizontal dashed

line represents the target exceedance probabitityMarginally, ¢ = —0.4 andu = ug gs.
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Fig. 5 Sampling distribution means for estimates of the return levetestance probabilities™?, using (i) direct summaries from the return
level posterior distributionijue; solid = posterior mean, dashed = posterior mode, dot-dashed =ipo&&%o credible upper bound), and (ii)
the posterior predictive return levekel). Simulated data constructed with: asymptotic dependencedingdo a bivariate logistic model with

dependence (top row); asymptotic independence according toA&(1) process with lag 1 autocorrelatién(bottom row). The black dashed
line represents the target exceedance probalnﬂi%yMarginaIIy, & = —0.4 andu = up gs.

Asymptotic dependence: logistic model for bivariate extremtsdependence
a=03 a=05 a=09
Pz Pz er.upper pznpred Pz Pz pzr.upper er.pred Pz Pz pZ(.upper er.pred
r-1= Tlo Bias | 4.311 4905 -0.350 4.325 | 2802 4295 -4.729 2776 | -0.291 3555 -8.779 -0.713
MSE | 0.863 0.998 0.343 0.870 | 0.746 0.983 0472 0.744 | 0591 0.881 0.877 0.577
-T- 5710 Bias | 3.692 4.655 -0.098 3.546 | 2425 4.051 -1.284 1943 | 1.131 4.005 -1.773 -0.004
MSE | 0.441 0.603 0.081 0.419 | 0.374 0.613 0.064 0.303 | 0.293 0.647 0.058 0.180
r-1= ﬁ Bias | 2.745 3.711 0.164 2110 | 1.981 3.359 -0.202 0.965 | 1.342 3.572 -0.376 0.070
MSE | 0.267 0.406 0.030 0.180 | 0.242 0.445 0.022 0.114 | 0.204 0.506 0.020 0.056
r1= %00 Bias | 2.119 3.039 0.255 0.976 | 1.640 2.850 0.087 0.379 | 1.266 3.117 -0.006 0.050
MSE | 0.181 0.305 0.016 0.061 | 0.179 0.355 0.014 0.035 | 0.163 0.421 0.016 0.019
r1= %000 Bias | 1.717 2.609 0.232 0.298 | 1.389 2526 0.134 0.103 | 1.135 2.815 0.073 0.032
MSE | 0.138 0.252 0.011 0.013 | 0.147 0.310 0.011 0.007 0.141 0.378 0.014 0.008
Asymptotic independence: AR process with lag 1 autocorrelation A
A=07 A=05 A=03
Pz Pz pzﬂupper pZ(_pred Pz Pz pzr.upper pzr.pred Pz Pz pZ(.upper pzr.pred

r1= Tlo Bias | —1.920 2.044 -9.065 -2.604 -0.242 4.242 -9.038 -0.823 0.732 5.217 -8.817 0.255
MSE | 0.634 0.839 0.904 0.627 0.614 0944 0.883 0.597 0.747 1.183 0.877 0.723
r1= 5710 Bias | 1.476 4.600 -1.758 -0.122| 1.308 4.677 -1.859 -0.100| 1.423 4.747 -1.815 0.135
MSE | 0.328 0.758 0.058 0.164 | 0.283 0.714 0.043 0.145 | 0.335 0.815 0.050 0.192
1= 2—%)0 Bias | 1.860 4.512 -0.354 0.026 | 1.480 4.122 -0.439 -0.075| 1.597 4.077 -0.405 0.007

MSE | 0.255 0.651 0.020 0.051 | 0.185 0.551 0.005 0.028 | 0.216 0.614 0.011 0.045

r-1= ﬁ) Bias | 1.769 4.173 0.013 0.030 | 1.357 3.609 -0.062 -0.032| 1.357 3.564 -0.033 0.007
MSE | 0.213 0.573 0.015 0.014 0.139  0.452 0.002 0.003 | 0.164 0.506 0.006 0.010

= ﬁ) Bias | 1.606 3.885 0.090 0.015 | 1.195 3.271 0.018 -0.008| 1.194 3.231 0.045 0.011
MSE | 0.188 0.525 0.014 0.002 0.114 0.399 0.001 0.000 0.137 0.450 0.005 0.001

Table 2 Estimated biasesq100), and mean squared errdSE x 100), for each of our four estimators of the return level exaeed probability
r—1. The top part of the table summarizes results when our simulates sedibit asymptotic dependence according to the logistic hvatle
dependence parameter the bottom part when our simulated series exhibit asymptotiegaddence according to &fR(1) process with lag 1
autocorrelatiorA. Marginally, we haveé = —0.4 andu = up gs. Values inbold are those which are the smallest in each component of the study.
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Asymptotic dependence: logistic model for bivariate extramtsdependencea
a=03 a=05 a=09
Dependence Margins_ Dependence Margins Dependence Margins
a 6 a* 3 a 0 a* 3 a 6 a* 3
Bias | 3.132 3.127| -0.127 -3.598| 1.654 2.269| -0.035 -0.767| 0.617 0.825| —-0.075 0.602
MSE | 0.509 0.401| 0.560 2.260 | 0.223 0.380| 0.154 0.666 | 0.057 0.107| 0.091 0.424

Asymptotic independence: AR process with lag 1 autocorrelation A
A=0.7 A=05 A=03

Dependence Margins_ Dependence Margins_ Dependence Margins_

A 6 a* 3 A 0 a* 3 A 6 o* '3

Bias | —0.097 0.054| 0.307 -0.212| -0.231 0.093| 0.236 0.167 | -0.791 0.199| 0.240 0.223

MSE | 0.023 0.019| 0.102 0.468 | 0.056 0.019| 0.084 0.395| 0.182 0.030| 0.091 0.409

Table 3 Estimated biases<(100) and mean squared errofdSE x 100), for posterior means of the marginal and dependence pa@méien
our simulated series exhibit asymptotic dependence accordihg togistic model with dependence(top part of the table); and when our series
exhibit asymptotic independence according taA&1) process with lag 1 autocorrelatiédn Marginally, we havé = —0.4 andu = ug gs.

the series weakens (i.e. as— 1). In comparison, the return per bound are closest to the intended exceedance probabil-
level posterior mean is (at best) on a par with the predictivéty, and this observation is supported by the results in Ta-
return level, in terms of its associated exceedance pritbabible 2. As the extremal dependence weakens, we see an even
ties, wherr = 10; for longer return periods the bias of thesecloser agreement between our estimated exceedance proba-
estimated exceedance probabilities is noticeably latg@r t  bilities based on the predictive return level and the inézhd
those produced by the predictive return level (and increasexceedance probabilities?, with estimates using the return
ingly so asr increases), as is our uncertainty in these estilevel posterior mean consistently displaying a larger bias
mates (e.g. wider sampling distribution confidence intisrva our plots in Figure 5. In agreement with the results shown
and larger MSE values). Where both the predictive returin Figure 3, the plots in Figure 5 show that across all val-
level and the return level posterior mean lead to exceedanages forr > 100, estimated exceedance probabilities based
probabilities which over-estimate® (e.g. positive biases in on the return level posterior mode are always most biased,
the results reported in Table 2), there is usually a smaiker b with substantial over-estimation of the intended exceedan
in Pz, thaninpz. As we might expect; 1is oftenunder  probability.
estimated when using the return level posterior 95% credibl
upper bound; especially for shorter-range return periwds, To put these results into a practical context, recall fromm+Se
might expectz ... to over-estimate;, leading to too-small tion 2.1 that we discuss the use of the 10,000-year return
values forp,. ... The return level posterior mode consis- level estimate by the ONR in the UK, as a design require-
tently produces estimatgs, which are too large. Indeed, ment for structures at nuclear sites. For our wind speed data
these are always substantially larger than those produced Imonthly estimates (posterior means) of the logistic depen-
the other three estimators, and with the largest unceytaintdence parameter are around 3. Focusing on the final plot
casting doubt on the credibility of the posterior mode as an Figure 3, and the first plot in Figure 5, we see the much
useful summary of the return level posterior distribution.  smaller bias in estimates of * produced by the predictive
return level than the return level posterior mean, and with
As with Figure 3, the top row of Figure 5 shows samplinggreater precision in the predictive estimates; howeveg,her
distribution means for our four estimates of!, but now  for this long-range return period, the 95% credible upper
across a smooth range of values fofor some fixed val- bound forz produces the best estimaterof- (as discussed
ues of the logistic dependence parameter. Here, we choosbove). An over-estimate af 1 could result in significant
a =0.3,a =05 anda = 0.9, representing fairly strong under-protection (as this arises from anderestimate of
extremal dependence (similar to that observed in our wind;), and we note here that — relative to the estimates &f
speed extremes), moderate extremal dependence and ndassed on the predictive return level and return level 95%
independent extremes, respectively. We see that estimateedible upper bound — those based on the return level pos-
based on the return level posterior mean and the predictiierior mean are much over-estimated (and with more uncer-
return level @z and p; ., respectively) consistently over- tainty).
estimater 1 whena = 0.3, but with estimates based on the
predictive return level always being substantially lessbtd  For information, results shown in the top part of Table 3
than those based on the posterior mean, especially fordlongexamine the accuracy and precision of the posterior mean
return periods. Interestingly, for this level of depend=as- as a summary for the dependence and marginal parameters.
timates ofr~ based on the return level 95% credible up-Although all values are very small (note that results are re-
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portedx 100), we observe an increase in both bias and MSEBNAR(1) process with lag 1 autocorrelatidy as in Section

for the dependence parameters as the dependence strend@l8.1, marginallyé = —0.4 andu = up g5. The superiority
ens, with a corresponding increase in MSE for the marginabf the predictive return level (in terms of estimating the in
parameters also. tended exceedance probability!) relative to estimates ob-
tained using the return level posterior mean, is obvioud, an
more apparent than in the previous section when considering
series with asymptotic dependence. For example, the plots i
Here, we report some findings from other arms of the stud{rigure 4 (certainly when> 10) show sampling distribution

in which the simulated chains displayed asymptotic depen€ans fom; ., closer to the intended exceedance probabil-
dence. Largely, the general direction of the results ajreadities than those fopz, regardless of the strength of depen-
reported were replicated in other arms. For instance, -stickleNCeA. As in the case of asymptotic dependence, we also
ing with the logistic model but changing the marginal shapd'ote greater precision in estimates based on the predictive
parameter still resulted in return level exceedance pribbab '€turn level, with narrower 95% confidence intervals (espe-
ities more in line with the intended values® when using cially asr increases). The results reported in the bottom half
the predictive return level compared to the return level posOf Table 2 confirm this, with smaller biases typically being

terior mean, with substantially smaller biases for retugn p Observed fom, ., than forpz; andmuchsmaller values of
riods of practical interest and much smaller values of MSEMSE. Asin Section 3.3.1, estimates based on the return level

As an example, witlf = 0.1 anda = 0.3 or 05, biases posterior mode perform most poorly, with estimates based
incurred byp; were always larger than those incurred by©n th.e return level 95% credible upper bound seemingly per-
P, (around five times larger far= 10,000), with consis- forming well (though not as well as those based on the pre-
tehptly narrower 95% confidence intervals: wher: 0.9, the  dictive return level) for some large valuesrofThese results
outperformance o, ,., relative toz was even more marked. &€ supported by the plots in the bottom row of Figure S, in
One difference to note is in estimatesroft using the re- Which we see estimates of the intended exceedance proba-
turn level posterior mode: for simulated chains with insrea Pility r~* based on the predictive return level being consis-
ingly heavy tails (e.g. when positive values fowere used), tently less biased than all the others, for the three leviels o
we observed smaller biases than those reported in FigurestgPendence we focus upoh £ 0.7, A= 0.5 andA = 0.3,

and 5 and Table 2 (for which = —0.4), perhaps indicating representing re_asonably strong, moderate and weak depen-
that this summary would be more useful for very positivelydence, respectively).

skewed data (as might be expected).

Other arms of the study: main highlights

For information, results shown in the bottom half of Table 3
Switching to the bilogistic model for consecutive extremes reveal small biases and MSE values for the posterior means
allowing for asymmetry in the dependence structure, did notor both the marginal and dependence parameters.
result in noticeable deviations from the results discussed
far, for combinations of dependence parameteshdf re-  Other arms of the study: main findings
sulting in similar levels of observed extremal dependence
as given by the dependence parametémn the (symmetric) We report similar findings for other arms of the study in
logistic model. This might suggest a robustness of our findwhich the simulated chains display asymptotic indepenelenc
ings across different dependence structures within arativer according to anAR(1) process, but with different values
framework of asymptotic dependence. Similarly, our result of £ or different thresholds being used. In all cases, esti-
were consistent across the other two threshold levels @onsimates of the intended exceedance probabififyhad small-
ered (g9 / Up.g9, the 90% / 99% marginal quantiles respec-est bias, and MSE, when based on the predictive return level,
tively). and esepcially so for long return periods (e.g- 1000 and

r = 10000). Estimates based on the return level posterior

3.3.2 Asymptotic independence mean and posterior mode were consistently too large.

One arm of the study: AR(1) with=—-0.4 and u= up g5 3.3.3 Mis-specification of dependence

Figure 4 shows sampling distribution means, and 95% core now investigate the effects of mis-specifying the depen-
fidence intervals (taken as the sampling distribution 2.5%lence structure on our four estimates of the return level ex-
and 97.5% quantiles), fopz, Pz, Pz.,. andps,. (for  ceedance probability~*. Specifically, at each iteratiof
some fixed values af); Table 2 (bottom half) reports some ¢=1,...,1000, we simulatg’ from anAR(1) process with
numerical summaries. For these particular results the-simuag 1 autocorrelatiord; inference then proceeds by assum-
lated chains display asymptotic independence according iog asymptotic dependence and fitting the logistic / bilegis
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Fig. 6 Sampling distribution means for estimates of the return levetesance probabilities ?, using (i) direct summaries from the return
level posterior distributionijue; solid = posterior mean, dashed = posterior mode, dot-dashed =ipo&&%o credible upper bound), and (ii)
the posterior predictive return levek(). Simulated data constructed with: asymptotic independenmerdiog to anAR(1) process with lag 1
autocorrelatiord, but when fitting, asymptotic dependence assumed according t@maabé logistic model (top row); asymptotic dependence
according to a bivariate logistic model with dependeacéut dependence filtered using runs declustering with clusteribation intervak =5
andk = 10 (bottom row; results using = 10 giving the higher curve each time). Marginafy= —0.4 andu = ug gs.

tic model to consecutive pairs in the process, and then olwith lag 1 autocorrelatiod, but asymptotiddependenceés
taining estimates of ~* usingpz, Pz, Pz.,.. adpz,., iN  incorrectly assumed with a dependence structure for censec
the way we describe in Section 3.1. Similarly, we also sim-utive pairs according to the logistic model with parameter
ulatey’ with asymptotic dependence via the logistic / bilo- Discussion to follow once graphs are done... Similar re-
gistic models, inference then proceeding assuming asymgults when we fitted the bilogistic; what about when the
totic independence through the fitting of AR(1) process. series are asymptotically dependent but we fit an AR(1)?

In reality, the precise form of dependence structure is un-

known; diagnostic checks such as thgx-plots discussed ) )

in Coles (2001, Ch. 8) can be used to help assess the nat#e-4 Comparisons with POT

of the dependence present (i.e. asymptotically dependent / . ] ] .

independent), although their interpretation can be diticu " this part of the simulation study we investigate the perfo
Thus, the aim of this part of the simulation study is to in-mance of our four mt_ethods for estimating the return I.evel
vestigate our four estimators of the return level exceeglanceXceedance probab|lltf1 when a standard declustering
probability under an incorrect specification of dependenc€cheme is employed to filter out a set of independent thresh-
structure, something which could easily occur in an analysiOId excesses. Under a POT procedure, a cluster of extremes

of real data when we attempt to press all threshold excess@¥€r some high threshold is deemed to have terminated
into use (In the next Section, we investigate our four esti®NCe at leask consecutive sub-threshold observations have

mators ofr—! under a standard POT analysis, wherein arPeen made; from each cluster identified in this way the max-
attempt is made to completely filter out dependence). imum is then carried forward into the analysis, the GP dis-
tribution being used as a model for the set of cluster peak
Figure 6 (top row) shows plots similar to those in Figure EXCESSeS. Although in practice this is a commonly-used pro-
5: we have sampling distribution means fof, ps, Pa.,,.. cedure to circumvent the problems of temporal dependenc'e,
andp,,., across a range of values frThe simulated data @S Fawcett and Walshaw (2012, 2016) discuss, not only is

exhibit asymptotic independence throughdR(1) structure it wasteful of data (often leading to infeasibly wide crddib
intervals for quantities such as return levels) but paramet
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and return level estimates can be extremely sensitive to tHe1] Fawcett, L. and Walshaw, D. (2006a). A hierarchical mddel
choice ofk. Thus, we do not recommend a POT analysis at €xtreme wind speeds. Roy. Statist. Soc.,,G5, 5, pp. 631-646.

all, and we favour an approach as detailed in Section 2.2.2 2] Fawcett L, Walshaw D. (2008). Bayesian inference for eicext
extremesExtremes11, pp. 217-233.

this paper and used so far in this simulation study. Howeve;m] Fawcett, L. and Walshaw, D. (2012). Estimating retur leve
we include some results based on declustered data here tofrom serially dependent extreme&nvironmetrics 23, 3, pp. 272—
information and comparison purposes. 283.

[14] Fawcett, L. and Walshaw, D. (2016). Sea-surge and winddspee

. . T extremes: Optimal estimation strategies for planners and enginee
Figure 6 (bottom row) shows sampling distribution means ¢, Env Res. Risk. Asse88, pp. 463—480.
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and so6, — 0 asn — . We can use (13) to investigate the
relationship betweefl anda in the logistic model. Specifi-
cally, we simulate first-order Markov chains, each of length
n, with logistic dependence governing the strength of se-
rial correlation present in the extremes of the processy the
the probability in the numerator of (13) is estimated as the
proportion of simulated chains whose maximum does not
exceedx,. The first plot in Figure 7 shows the results of
such simulations foo = {0.05,0.10,...,1.00}, usingN =

n = 10,000; the other two plots show corresponding results
when using the bilogistic model (see Section 2.2.2) and an-
other model occasionally used for bivariate extremes (the
negative logistic model wih dependence paramgtesee,

for example, Coles (2001, Ch. 8)). The smooth line in each
of these plots shows a fitted polynomial, giving that in Equa-
tion (6) for the logistic model and as used in the simulation
study in Section 3. In the case of the logistic model, and
as a check, the simulated values and resulting fitted poly-
nomial are compared to limiting values obtained via a com-
putationally intensive Fourier transform method outlimed
Smith (1992) We use polynomial relationships rather than
smoothing splines (for example) because they are extremely
simple, and as the comparisons to Smith’s results show, are
more than adequate.

For the asymptotically independent case we use a Gaussian
AR(1) process in our simulation study in Section 3, with
lag 1 autocorrelatiod\. To establish a polynomial approxi-
mation for the extremal index in this setting, for each value
A = {0.05,0.10,...,0.95} we simulateN = 10,000 AR(1)
processes, each of length= 10,000. Then, using the ap-
proach ofFerro and Segers (200@yhich we discuss in part
(ii) of Section 2.2.2 of this paper), our approximation te th
extremal index8 for each value ofA is the sampling dis-
tribution mean off@ obtained via Equation (7). Of course,
GaussiarAR(1) processes exhibit asymptotic independence
and thusf = 1 regardless of the value & However, as
Ancona-Navarrete and Tawn (20Qdiscuss, such processes
might exhibit dependence above thresholds of practical in-
terest, resulting in estimators such as that in Equation (7)
estimating6(up) (rather thané itself), a threshold-based
penultimate approximation t6. Figure 8 shows the results
of this simulation study for three thresholds, where we
usep = 0.9, 0.95 and 099. Again, simple polynomials are
fitted to the points in each plot to obtain approximations to
8(up) depending on the value &
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Fig. 7 Simulated values of the extremal ind@xor a (logistic), p (negative logistic) ang (bilogistic with a = 0.6). The solid lines correspond
to fitted polynomials8 = 0.013— 0.092a 4 1.833a% — 0.756a°%; 8 = 1.153— 1.107p + 0.46302 — 0.0960° +0.0100* — 0.00040°; 8 = —0.005+
0.0453 + 1.53932 — 0.60782. The crosses in the first plot show limiting valuesddor some values off in the logistic model, as derived Bmith
(1992)
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Fig. 8 Simulated values of the threshold-based extremal irtfex) for an AR(1) process with a threshold set at the 90% marginal quantile
Uo (left); 95% marginal quantile g5 (middle); 99% marginal quantiley g9 (right). The solid lines correspond to fitted polynomiagu o) =
0.891— 0.168A — 0.920A2 + 1.234A% — 0.886A" (left); O(Up.gs) = 0.935— 1.246A2 4- 1.629A° — 1.141A%* (middle); 6(up.99) = 0.976-+ 0.146A —
1.223A% + 1.702A° — 1.364A% (right). Where shown, crosses show values obtained in extengivgagions inAncona-Navarrete and Tawn (2000)



